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Abstract: In this paper, we introduce a class of infinite Lie conformal algebras B(α, β, p), which are the
semi-direct sums of Block type Lie conformal algebra B(p) and its non-trivial conformal modules of Z-
graded free intermediate series. The annihilation algebras are a class of infinite-dimensional Lie algebras,
which include a lot of interesting subalgebras: Virasoro algebra, Block type Lie algebra, twisted Heisenberg-
Virasoro algebra and so on. We give a complete classification of all finite non-trivial irreducible conformal
modules ofB(α, β, p) for α, β ∈ C, p ∈ C∗. As an application, the classifications of finite irreducible conformal
modules over a series of finite Lie conformal algebras b(n) for n ≥ 1 are given.
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1 Introduction
The concept of Lie conformal algebra was introduced by Kac in [12, 13], which gives an
axiomatic description of the operator product expansion of chiral fields in conformal field
theory (see [4]). The theory of Lie conformal algebra plays an important role in quantum
field theory and vertex algebras. Furthermore, Lie conformal algebra has close connections
to Hamiltonian formalism in the theory of nonlinear evolution (see [1]). In particular, they
provide us powerful tools for the realization of the program of the study of Lie (super)algebras
and associative algebras (and their representations), satisfying the sole locality property
(see [14]).
A Lie conformal algebra is called finite if it is finite generated as a C[∂]-module. Oth-
erwise, it is called infinite. Virasoro Lie conformal algebra Vir and current Lie conformal
algebra Curg associated to a finite-dimensional simple Lie algebra g are two classes of im-
portant finite Lie conformal algebras. As is well known, Vir and all current Lie conformal
algebra Curg exhaust all finite simple Lie conformal algebras (see [9]). In recent years, the
structure theory and representation theory of finite Lie conformal algebras were intensively
studied (see, e.g., [2, 7–9, 15, 18, 21, 23]).
But, the theory of infinite Lie conformal algebra is relatively backward. Some in-
teresting examples of infinite Lie conformal algebras were constructed by closely linked
infinite-dimensional loop Lie algebras, such as loop Virasoro Lie conformal algebra, loop
Heisneberg-Virasoro Lie conformal algebra, loop Schro¨dinger-Virasoro Lie conformal alge-
bra (see, e.g., [6, 10, 20]). One of the most important examples of infinite simple conformal
algebras is the general Lie conformal algebra gcN , which plays the same important role in
the theory of Lie conformal algebras as the general Lie algebra glN does in the theory of
Lie algebras. Thus, the general Lie conformal algebra gcN and its subalgebras have been
Corresponding author: Y. Hong (hongyanyong2008@yahoo.com).
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investigated by many authors (see, e.g., [3,5,16,19]). In addition, there are also some infinite
simple Lie conformal algebras constructed from Gel’fand-Dorfman bialgebras (see [11]).
In the present paper, we define a new class of infinite Lie conformal algebras B(α, β, p),
which are associated with Block type Lie conformal algebras B(p) studied in [17]. Then we
determine the classification of all finite non-trivial irreducible conformal modules of them.
Block type Lie conformal algebras B(p) with p 6= 0 has a C[∂]-basis {Li | i ∈ Z+} and
λ-brackets as follows
[Li λ Lj ] =
(
(i+ p)∂ + (i+ j + 2p)λ
)
Li+j . (1.1)
Note that the subalgebra Vir = C[∂](1
p
L0) of B(p) is the so-called Virasoro Lie conformal
algebra. All finite irreducible conformal modules over Vir were explicitly classified and
constructed in [7]. The special case B(1) has a close relation with the general Lie conformal
algebra gc1. It is worth to point out that the super analogue of B(p) was also constructed
in [22] by analyzing certain module structures of B(p).
The rest of this paper is organized as follows. In Section 2, we introduce some basic
definitions, notations, and related known results about Lie conformal algebras. In Section
3, we first introduce the definition of B(α, β, p) by analyzing certain module structures of
B(p), and investigate its subalgebras, quotient algebras and extended annihilation algebras.
In Section 4, we determine the irreducibility of all free non-trivial rank one modules over
B(α, β, p). Then we give a complete classification of all finite non-trivial irreducible confor-
mal modules of B(α, β, p) by showing that they must be free of rank one. In Section 5, we
construct a class of new Lie conformal superalgebras about B(α, β, p), which are generaliza-
tions of Lie conformal superalgebras of Block type. At last, as an application of our main
result, we also obtain the classification of all finite non-trivial irreducible conformal modules
over b(n) which are some quotient algebras of B(α, β, p).
Throughout this paper, all vector spaces, linear maps and tensor products are considered
to be over the field of complex numbers. We denote by C, C∗, Z and Z+ the sets of complex
numbers, nonzero complex numbers, integers and nonnegative integers, respectively.
2 Preliminaries
In this section, we recall some basic definitions and results related to Lie conformal algebras
in [9, 12, 13] for later use.
Definition 2.1. ( [12]) A Lie conformal algebra is a C[∂]-module R endowed with a λ-
bracket [a λ b] which defines a linear map R ⊗ R → R[λ], where λ is an indeterminate and
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R[λ] = C[λ]⊗ R, subject to the following axioms:
[∂a λ b] = −λ[a λ b], [a λ ∂b] = (∂ + λ)[a λ b] (conformal sesquilinearity),
[a λ b] = −[b −λ−∂ a] (skew-symmetry),
[a λ [b µ c]] = [[a λ b] λ+µ c] + [b µ [a λ c]] (Jacobi identity)
for all a, b, c ∈ R.
A Lie conformal algebra is called finite if it is finite generated as a C[∂]-module. Other-
wise, it is called infinite.
Definition 2.2. ( [7]) A conformal module M over a Lie conformal algebra R is a C[∂]-
module endowed with a λ-action R⊗M →M [λ] such that
(∂a) λ v = −λa λ v, a λ (∂v) = (∂ + λ)a λ v, a λ (b µ v)− b µ (a λ v) = [a λ b] λ+µ v
for all a, b ∈ R, v ∈M .
Let R be a Lie conformal algebra. A conformal R-module M is called finite if it is finitely
generated over C[∂]. The rank of a conformal module M is its rank as a C[∂]-module. If
R-module M has no non-trivial submodules, conformal module M is called irreducible. If
R λv = 0, the element v ∈M is called invariant.
Definition 2.3. An annihilation algebra A(R) of a Lie conformal algebra R is a Lie algebra
with C-basis {a(n) | a ∈ R, n ∈ Z+} and relations (for any a, b ∈ R and k ∈ C)
(ka)(n) = ka(n), (a+ b)(n) = a(n) + b(n), (2.1)
[a(m), b(n)] =
∑
k∈Z+
(
m
k
)
(a(k)b)(m+n−k), (∂a)(n) = −nan−1, (2.2)
where a(k)b is called the k-th product, given by [a λ b] =
∑
k∈Z+
λk
k!
(a(k)b). Furthermore, an
extended annihilation algebra A(R)e of R is defined by A(R)e = C∂ ⋉A(R) with [∂, a(n)] =
−nan−1.
Similar to the definition of the k-th product a(k)b of two elements a, b ∈ R, we can also
define k-th actions of R on M for each j ∈ Z+, i.e. a(k)v for any a ∈ R, v ∈M
a λ v =
∑
k∈Z+
λ(k)
k!
(a(k)v). (2.3)
A close connection between the module of a Lie conformal algebra and that of its extended
annihilation algebra was studied in [7] by Cheng and Kac.
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Proposition 2.4. A conformal module M over a Lie conformal algebra R is the same as a
module over the Lie algebra A(R)e satisfying a(n)v = 0 for a ∈ R, v ∈M,n≫ 0.
The following result can be found in [7, 12], which plays an important role in our classi-
fication.
Lemma 2.5. Let L be a Lie superalgebra with a descending sequence of subspaces L ⊃ L0 ⊃
L1 ⊃ · · · and an element ∂ satisfying [∂,Ln] = Ln−1 for n ≥ 1. Let V be an L-module and
let
Vn = {v ∈ V |Lnv = 0}, n ∈ Z+.
Suppose that Vn 6= 0 for n≫ 0 and let N denote the minimal such n. Suppose that N ≥ 1.
Then V = C[∂] ⊗C VN . In particular, VN is finite-dimensional if V is a finitely generated
C[∂]-module.
3 Lie conformal algebra B(α, β, p)
In this section, we define a class of extended Block type Lie conformal algebras B(α, β, p) by
using Block type Lie conformal algebras B(p) and their intermediate series modules. Now
we recall the definition of intermediate series modules of B(p) (see [22]).
For α, β ∈ C, p ∈ C∗, the C[∂]-module V (α, β, p) =
⊕
i∈ZC[∂]vi is a Z-graded free
intermediate series module over B(p) with λ-action as follows:
Li λ vj =
(
(i+ p)(∂ + β) + (i+ j + α)λ
)
vi+j.
Then we can define infinite Lie conformal algebra called extended Block type Lie conformal
algebra B(α, β, p), which has a C[∂]-basis {Li,Wi | i ∈ Z+} satisfying (1.1) and the following
λ-brackets
[Li λWj ] =
(
(i+ p)(∂ + β) + (i+ j + α)λ
)
Wi+j , [Wi λWj ] = 0 (3.1)
for any α, β ∈ C, p ∈ C∗.
Some interesting features on this class of Lie conformal algebras are presented as follows.
3.1 Subalgebras
Setting α′ = α
p
, L = 1
p
L0,W = W0 ∈ B(α, β, p) in (1.1) and (3.1), we see that
[L λ L] = (∂ + 2λ)L, [L λW ] =
(
∂ + α′λ+ β
)
W, [W λW ] = 0
for α′, β ∈ C. Namely, the subalgebra
C[∂]L ⊕ C[∂]W
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of B(α, β, p) is the W(α′, β) Lie conformal algebra (see [15], β = 0 also see [21]). Here, we
note that W(1, 0) and W(2, 0) are respectively Heisenberg-Virasoro Lie conformal algebra
and W (2, 2) Lie conformal algebra. An interesting fact about them are given. Now we
compute in W(1, 0). For any h ∈ C∗, it is clear that
[(L+ hW ) λ (L+ hW )] = (∂ + 2λ)(L+ hW ).
Hence, C[∂](L+ hW ) spans a subalgebra of Heisenberg-Virasoro Lie conformal algebra and
W (2, 2) Lie conformal algebra in common which is isomorphic to the classical Virasoro Lie
conformal algebra.
Moreover, the Lie conformal algebra B(α, β, p) has a non-trivial abelian conformal ideal
{Wi | i ∈ Z+} as a C[∂]-module, which implies that it is neither simple nor semi-simple.
3.2 Quotient algebras
Considering the quotient algebras of B(α, β, p), we will get many finite Lie conformal alge-
bras. Note that B(α, β, p) is Z-graded under the sense that B(α, β, p) =
⊕
k∈Z+
B(α, β, p)k,
where B(α, β, p)k = C[∂]Lk ⊕ C[∂]Wk. For n ∈ Z+, define a subspace B(α, β, p)〈n〉 of
B(α, β, p) by
B(α, β, p)〈n〉 =
⊕
i≥n
C[∂]Li ⊕
⊕
i≥n
C[∂]Wi.
It is clear that B(α, β, p)〈n〉 is an ideal of B(α, β, p). For any n ∈ Z+, we define
B(α, β, p)[n] = B(α, β, p)/B(α, β, p)〈n+1〉 (3.2)
Note that B(α, β, p)[0] ∼= W(α
′, β). Taking p = −n, we can define the quotient algebras
B(α, β,−n)[n] by the following relations
b(n) = B(α, β,−n)[n] = B(α, β,−n)/B(α, β,−n)〈n+1〉 (3.3)
with n ≥ 1. They can produce a series of new finite non-simple Lie conformal algebras. Two
examples for n = 1, 2 are presented as follows.
Example 3.1. Setting L = −L¯0,W = W¯0,M = L¯1, G = W¯1 ∈ b(1), we have the following
non-trivial relations
[L λ L] = (∂ + 2λ)L, [L λW ] =
(
∂ + β − αλ
)
W
[L λM ] = (∂ + λ)M, [L λG] =
(
∂ + β − (1 + α)λ
)
G
[M λW ] = (1 + α)λG.
Other λ-brackets are given by skew-symmetry. Note that C[∂]L⊕C[∂]M and C[∂]L⊕C[∂]W
are respectively Heisenberg-Virasoro Lie conformal algebra and W(α′, β) Lie conformal al-
gebra. Maybe b(1) should be called Heisenberg-W(α′, β) Lie conformal algebra.
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Example 3.2. Set L = −1
2
L¯0, Y = L¯1,M = −L¯2,W = W¯0, G = W¯1, H = W¯2 ∈ b(2). The
non-trivial λ-brackets are as follows
[L λ L] = (∂ + 2λ)L, [L λW ] =
(
∂ + β −
1
2
αλ
)
W
[L λ Y ] = (∂ +
3
2
λ)Y, [L λG] =
(
∂ + β −
1
2
(1 + α)λ
)
G,
[L λM ] = (∂ + λ)M, [L λH ] =
(
∂ + β −
1
2
(2 + α)λ
)
H,
[Y λ Y ] = (∂ + 2λ)M, [Y λW ] =
(
− (∂ + β) + (1 + α)λ
)
G,
[Y λG] =
(
− (∂ + β) + (2 + α)λ
)
H, [M λW ] = −(2 + α)λH.
Other λ-brackets are given by skew-symmetry. We note that C[∂]L ⊕ C[∂]Y ⊕ C[∂]M and
C[∂]L⊕C[∂]W are respectively Schro¨dinger-Virasoro Lie conformal algebra andW(α′, β) Lie
conformal algebra. Maybe b(2) should be called Schro¨dinger-W(α′, β) Lie conformal algebra.
3.3 Extended annihilation algebra
Now we give the explicit Lie brackets of A(B(α, β, p)) and A(B(α, β, p))e.
Lemma 3.3. (1) The annihilation algebra of B(α, β, p) is
A(B(α, β, p)) = {Li,m,Wj,n | i, j ∈ Z+, m ∈ Z+ ∪ {−1}, n ∈ Z+}
with the following Lie brackets:
[Li,m, Lj,n] =
(
(m+ 1)(j + p)− (n+ 1)(i+ p)
)
Li+j,m+n,
[Li,m,Wj,n] =
(
(m+ 1)(j − p+ α)− n(i+ p)
)
Wi+j,m+n + β(i+ p)Wi+j,m+n+1,
[Wi,m,Wj,n] = 0.
(3.4)
(2) The extended annihilation algebra is
A(B(α, β, p))e = {Li,m,Wj,n, ∂ | i, j ∈ Z+, m ∈ Z+ ∪ {−1}, n ∈ Z+}
satisfying (3.4) and [∂, Li,m] = −(m+ 1)Li,m−1, [∂,Wj,n] = −nWj,n−1.
Proof. It follows from the definition of the k-th product in Definition 2.3 and B(α, β, p) that
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we have
Li (k)Lj =


(i+ p)∂Li+j if k = 0,
(i+ j + 2p)Li+j if k = 1,
0 if k ≥ 2,
Li (k)Wj =


(i+ p)(∂ + β)Wi+j if k = 0,
(i+ j + α)Wi+j if k = 1,
0 if k ≥ 2,
Wi (k)Wj = 0 for any k ∈ Z+.
Then by (2.1) and (2.2), we check that:
[(Li)(m), (Lj)(n)] =
(
m(j + p)− n(i+ p)
)
(Li+j)(m+n−1),
[(Li)(m), (Wj)(n)] =
(
m(j − p+ α)− n(i+ p)
)
(Wi+j)(m+n−1) + β(i+ p)(Wi+j)(m+n),
[(Wi)(m), (Wj)(n)] = 0, [∂, (Li)(m)] = −m(Li)(m−1), [∂, (Wj)(n)] = −n(Wj)(n−1).
(3.5)
Setting Li,m = (Li)(m+1),Wj,n = (Wj)(n) in (3.5) for i, j ∈ Z+, m ∈ Z+ ∪ {−1}, n ∈ Z+, the
lemma holds.
Remark 3.4. The Lie algebra A
(
B(α, β, p)
)
is interesting in the sense that it contains the
following subalgebras:
(a) when α = p, β = 0, the well-known twisted Heisenberg-Virasoro algebra is isomorphic
to the Lie algebra spanned by {Li,0,Wj,0 | i, j ∈ Z};
(b) the Lie algebra generates by {L0,m,W0,n | m,n ∈ Z} is isomorphic to the annihilation
algebra of W(α′, β) in [15].
Next, we construct a subquotient algebra of A(B(α, β, p)) and study its representation
theory. Clearly,
A(B(α, β, p))+ = {Li,m,Wj,n | i, j,m, n ∈ Z+}
is a subalgebra of A(B(α, β, p)). For any fixed k,N ∈ Z+,
I(k,N) = {Li,m,Wj,n ∈ A(B(α, β, p))+ | i, j > k,m, n > N}
is an ideal of A(B(α, β, p))+. Denote
Q(k,N) = A(B(α, β, p))+/I(k,N).
Lemma 3.5. Let V be a non-trivial finite-dimensional irreducible module over Q(k,N).
Then we have dim(V ) = 1.
Proof. It follows from Lie’s Theorem that we see that any irreducible finite-dimensional
module over the solvable Lie algebra Q(k,N) is one-dimensional.
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4 Classification of finite irreducible modules
The aim of this section is to give a complete classification of all finite non-trivial irreducible
conformal modules over B(α, β, p). The main results will be presented after some prepara-
tions.
4.1 Equivalence of modules
The following classification of finite non-trivial irreducible conformal modules over B(p)
appeared in [17], which will be used in the following.
Lemma 4.1. Let V be a finite non-trivial irreducible conformal module over B(p). Then V
is isomorphic to one of the following
(1) Va,b = C[∂]v with
L0 λ v = p(∂ + aλ + b)v
for a ∈ C∗, b ∈ C, if p 6= −1;
(2) Va,b,c = C[∂]v with
L0 λ v = −(∂ + aλ+ b)v, L1 λ v = cv
for a ∈ C∗ or c ∈ C∗, if p = −1.
Now we give the equivalence between the finite conformal modules over B(α, β, p) and
those over its quotient algebra B(α, β, p)[n] for some n ∈ Z+.
Theorem 4.2. Assume that V is a finite non-trivial conformal module over B(α, β, p). Then
the λ-actions of Li and Wi on V are trivial for i≫ 0.
Proof. Clearly, V is also a finite conformal module over B(p). Using Lemma 3.1 of [17], we
obtain Li λ v = 0 for all i≫ 0 and any v ∈ V . Choose such i such that i > |α|. Fix i ≫ 0.
Using
Li λ (W0 µ v)−W0 µ (Li λ v) =
((
(i+ p)(∂ + β) + (i+ α)λ
)
Wi
)
λ+µ v,
one has Wi λ v = 0 for any v ∈ V . The theorem holds.
Remark 4.3. A finite conformal module over B(α, β, p) is isomorphic to a finite conformal
module over B(α, β, p)[n] for some large enough n ∈ Z, where B(α, β, p)[n] is defined by (3.2).
4.2 Rank one modules
Now we give a characterization of non-trivial free conformal modules of rank one over
B(α, β, p). From Lemma 4.1, we can define two classes of conformal modules Va,b, Va,b,d
and Va,b,c, Va,b,c,d as follows.
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(1) Va,b = C[∂]v with
L0 λ v = p(∂ + aλ + b)v, W0 λ v = Wi λ v = Li λ v = 0, i ≥ 1
for a, b ∈ C, if (α, β) 6= (p, 0);
(2) Va,b,d = C[∂]v with
L0 λ v = p(∂ + aλ+ b)v, W0 λ v = dv, Wi λ v = Li λ v = 0, i ≥ 1
for a, b, d ∈ C, if (α, β) = (p, 0).
In fact, Va,b and Va,b,d are just conformal modules over W(α
′, β) (see [15]).
(3) Va,b,c = C[∂]v with
L0 λ v = −(∂ + aλ+ b)v, L1 λ v = cv, Wi λ v = Lj λ v = 0, i ≥ 1, j ≥ 2
for a, b, c ∈ C, if (α, β) 6= (−1, 0);
(4) Va,b,c,d = C[∂]v with
L0 λ v = −(∂ + aλ + b)v, L1 λ v = cv, W0 λ v = dv, Wi λ v = Lj λ v = 0, i ≥ 1, j ≥ 2
for a, b, c, d ∈ C, if (α, β) = (−1, 0).
For B(α, β,−1), we see that Va,b,c and Va,b,c,d are just B(p)-conformal modules if d = 0
(see [17]).
Theorem 4.4. Let V be a non-trivial free conformal module of rank one over B(α, β, p).
(1) If p 6= −1, and
{
(i) (α, β) 6= (p, 0), then V ∼= Va,b with a, b ∈ C,
(ii) (α, β) = (p, 0), then V ∼= Va,b,d with a, b, d ∈ C;
(2) If p = −1, and
{
(iii) (α, β) 6= (−1, 0), then V ∼= Va,b,c with a, b, c ∈ C,
(iv) (α, β) = (−1, 0), then V ∼= Va,b,c,d with a, b, c, d ∈ C.
Proof. Let V be a C[∂]-module. Regarding V as a conformal module overB(p) and according
to the result in [17], it is clear that
{
L0 λ v = p(∂ + aλ + b), Li λ v = 0, a, b ∈ C, i ≥ 1 if p 6= −1;
L0 λ v = p(∂ + aλ + b), L1 λ v = cv, Li λ v = 0, a, b, c ∈ C, i ≥ 2 if p = −1.
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By Theorem 4.2, we see that Li λ v = Wi λ v = 0 for i ≫ 0. Let k ∈ Z+ be the largest
integer such that the action of B(α, β, p)k on V is non-trivial. By the assumption of k, we
can suppose that
Lk λ v = gk(∂, λ)v, Wk λ v = hk(∂, λ)v,
where gk(∂, λ), hk(∂, λ) ∈ C[∂, λ] and at least one of them is nonzero. We note that g0(∂, λ) =
p(∂ + aλ + b), gi(∂, λ) = 0 for i ≥ 2 and
{
g1(∂, λ) = 0 if p 6= −1;
g1(∂, λ) = c if p = −1.
For i, j ∈ Z+, by Definition 2.2, one has
Li λ (Wj µ v)−Wj µ (Li λ v) = [Li λWj] λ+µ v, Wi λ (Wj µ v)−Wj µ (Wi λ v) = 0,
which gives that
hj(∂ + λ, µ)gi(∂, λ)− gi(∂ + µ, λ)hj(∂, µ)
=
(
(i+ p)(β − µ) + (j + α− p)λ
)
hi+j(∂, λ+ µ), (4.1)
hj(∂ + λ, µ)hi(∂, λ)− hi(∂ + µ, λ)hj(∂, µ)
= 0. (4.2)
Setting i = j = k in (4.2), and comparing the highest degree of λ, we get hk(∂, λ) = hk(λ)
for any k ∈ Z+.
Case 1. k = 0.
Then setting i = j = 0 in (4.1), we check that
pµh0(µ) +
(
p(β − µ) + (α− p)λ
)
h0(λ+ µ) = 0. (4.3)
Choosing µ = 0 in (4.3), if α 6= p or β 6= 0, we have h0(λ) = 0. Considering α = p, β = 0 in
(4.3), we obtain that h0(λ+ µ) = h0(µ), which implies h0(λ+ µ) = h0(µ) = d ∈ C.
Case 2. k ≥ 1.
Note that gk(∂, λ), h0(∂, λ) ∈ C for k ≥ 1. Taking i = k, j = 0 in (4.1), one can get that
(
(k + p)(β − µ) + (α− p)λ
)
hk(λ+ µ) = 0. (4.4)
If p 6= −k, we immediately obtain hk(λ) = 0. Let p = −k. In (4.4), if α 6= −k, one has
hk(λ) = 0. If α = −k = p, we consider i = 0, j = k in (4.1), it can be rewritten as
p(β − λ− µ)hk(λ+ µ) = −pµhk(µ), (4.5)
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which implies hk(λ) = 0. Now we always have hk(∂, λ) = 0 for k ≥ 1. Thus, we can conclude
that the action of B(α, β, p)k on V is trivial for k ≥ 2.
Then we can directly obtain this theorem by the discussion above and the classification
of rank one modules of B(α, β, p). This completes the proof.
The irreducibilities of conformal modules V over B(α, β, p) defined in Theorem 4.4 are
easy to determine.
Proposition 4.5. Let V be a conformal module over B(α, β, p) defined in Theorem 4.4.
(1) If V ∼= Va,b, then V is irreducible if and only if a 6= 0. The module V0,b contains a
unique non-trivial submodule (∂ + b)V0,b ∼= V1,b.
(2) If V ∼= Va,b,d, then V is irreducible if and only if a 6= 0 or d 6= 0. The module V0,b,0
contains a unique non-trivial submodule (∂ + b)V0,b,0 ∼= V1,b,0.
(3) If V ∼= Va,b,c, then V is irreducible if and only if a 6= 0 or c 6= 0. The module V0,b,0
contains a unique non-trivial submodule (∂ + b)V0,b,0 ∼= V1,b,0.
(4) If V ∼= Va,b,c,d, then V is irreducible if and only if a 6= 0 or c 6= 0 or d 6= 0. The module
V0,b,0,0 contains a unique non-trivial submodule (∂ + b)V0,b,0,0 ∼= V1,b,0,0.
4.3 Main theorems
The following result shows that all finite non-trivial irreducible B(α, β, p)-modules are free
of rank one.
Lemma 4.6. Any finite non-trivial irreducible B(α, β, p)-module V must be free of rank one.
Proof. As we know, any torsion module of C[∂] is trivial as a module of Lie conformal
algebra. Therefore, any finite non-trivial irreducible B(α, β, p)-module V must be free as
a C[∂]-module. By Theorem 4.2, we see that the λ-actions of Li and Wi on V are trivial
for all i ≫ 0. Let k ∈ Z+ be the largest integer such that the λ-action of B(α, β, p)k on V
is non-trivial. Then V can be regarded as a finite non-trivial irreducible conformal module
over B(α, β, p)[k]. We denote G = {L¯i,m, W¯j,n, ∂ | i, j ∈ Z+, m, n ∈ Z+ ∪ {−1}}. Here we
note that {W¯i,−1 | i ∈ Z+} * A(B(α, β, p)[k])e. Furthermore, it follows from Proposition
2.4 that a conformal B(α, β, p)[k]-module V can be viewed as a module over the associated
extended annihilation algebra G = A(B(α, β, p)[k])
e satisfying
L¯i,mv = W¯j,nv = W¯j,−1v = 0 (4.6)
for 0 ≤ i, j ≤ k,m, n≫ 0, v ∈ V . Denote
Gz = {L¯i,m, W¯j,n ∈ G | 0 ≤ i, j ≤ k,m, n ≥ z − 1}, z ∈ Z+.
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Then G0 = A(B(α, β, p)[k]) and G ⊃ G0 ⊃ G1 · · · . From the definition of extended annihila-
tion algebra, it is clear that the element ∂ ∈ G satisfies [∂,Gz] = Gz−1 for z ≥ 1. Denote
Vz = {v ∈ V | Gzv = 0}, z ∈ Z+.
Clearly, Vz 6= ∅ for z ≫ 0 by (4.6). Let N ∈ Z+ be the smallest integer such that VN 6= ∅.
First we consider N = 0. Take 0 6= v ∈ V0. Then U(G)v = C[∂]U(G0)v = C[∂]v.
Thus, by the irreducibility of V , we see that V = C[∂]v. From G0 is an ideal of G, we can
get that G0 acts trivially on V . By Proposition 2.4, we see that V is a trivial conformal
B(α, β, p)-module, which gives a contradiction.
Next, consider N ≥ 1. Choose 0 6= v ∈ VN . We will discuss two cases in the following.
Case 3. (α, β) 6= (p, 0).
Then VN can be seen as a G1/GN -module. Clearly, G1/GN is a finite-dimensional solvable
Lie algebra. Because of Lie’s Theorem, there exists a linear function χ on G1/GN such that
x · v = χ(x)v for all x ∈ G1/GN . Setting F = spanC{L¯i,−1, ∂ | 0 ≤ i ≤ k}, then G has a
decomposition of vector spaces
G = F ⊕ G1.
By Poincare-Birkhoff-Witt (PBW) Theorem, the universal enveloping algebra of G is
U(G) = U(F)⊗ U(G1),
where U(F) = spanC{L¯
i0
0,−1L¯
i1
1,−1 · · · L¯
ik
k,−1∂
j | i0, i1, . . . , ik, j ∈ Z+} as a vector space over C.
Then we have
V = U(G) · v = U(F) · v =
∑
i0,...,ik,j∈Z+
C∂jL¯i00,−1L¯
i1
1,−1 · · · L¯
ik
k,−1 · v. (4.7)
Obviously, not all i ∈ Z+ satisfy L¯i,−1 · v = 0. Otherwise, we can deduce that V = C[∂]v is
free of rank one, which contradicts to L¯0,−1v = p(∂ + b)v for some b ∈ C by Lemma 4.1 and
(2.3).
Now we first consider α 6= p in this case. By the definition of extended annihilation
algebra, one can get
[L¯i,m, W¯0,0] =
(
(m+ 1)(α− p)
)
W¯i,m + β(i+ p)W¯i,m+1 (4.8)
for any i ∈ Z+, m ∈ Z+∪{−1}. If β = 0, it is easy to get that W¯i,m · v = 0 for 0 ≤ i ≤ k, 0 ≤
m ≤ N − 2. If β 6= 0, we set 0 ≤ i ≤ k,m = N − 2 in (4.8). Then by x · v = χ(x)v for all
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x ∈ G1/GN , we have W¯i,N−2 · v = 0 for 0 ≤ i ≤ k. By recursive method, one has W¯i,m · v = 0
for 0 ≤ i ≤ k, 0 ≤ m ≤ N − 2. Therefore,
Wi λ v =
∑
k∈Z+
λ(k)
k!
(Wi(k)v) =
∑
k∈Z+
λ(k)
k!
(Wi,kv) = 0.
Assume that R∂ (respectively L∂) is the right (respectively left) multiplication by ∂ in
the universal enveloping algebra of G. It follows R∂ = L∂ − ad∂ and the binomial formula
that we obtain
GN∂
k = Rk∂GN = (L∂ − ad∂)
kGN
=
k∑
j=0
∂k−j(−ad∂)
jGN =
k∑
j=0
∂k−jGN−j (4.9)
for N, k ∈ Z+. Since Wi λ v = 0 and C[∂]{Wi | i ∈ Z+} is an ideal of B(α, β, p), we check
that Wi λ V = 0 by (4.7) and (4.9). Thus, the irreducibility of V as a B(α, β, p)-module
is equivalent to that of V as a B(α, β, p)/C[∂]{Wi | i ∈ Z+} ∼= B(p)-module. Then the
conclusion holds by Lemma 4.1.
Consider β 6= 0. If α = p, by the definition of extended annihilation algebra, one gets
[L¯i,m, W¯0,0] = β(i+ p)W¯i,m+1
for any i,m ∈ Z+. If i 6= −p, then by x·v = χ(x)v for all x ∈ G1/GN , we have χ(W¯i,m+1)·v = 0
for i,m ∈ Z+. Consider i = −p. For m ≥ 0, we have
[L¯0,0, W¯−p,m] = p(βW¯−p,m+1 − (m+ 1)W¯−p,m).
Taking m = N − 2 in above relations, we have W¯−p,N−2 · v = 0. By recursive method, one
see that W¯−p,m · v = 0 for 0 ≤ m ≤ N − 2. Thus, we can conclude that χ(W¯i,m+1) = 0 for
i,m ∈ Z+.
Now prove χ(W¯i,0) = 0 for i 6= 0. Using
[L¯0,0, W¯j,0] = jW¯j,0 + βpW¯j,1,
then by x · v = χ(x)v, we know that χ(W¯j,0) = 0 for j 6= 0. Suppose W¯0,0 · v = γv for γ ∈ C.
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By [∂, W¯0,0] = 0, [L¯i,−1, W¯0,0] = β(i+ p)W¯i,0 and (4.7), we get
W¯0,0 ·
∑
i0,...,ik,j∈Z+
ηi0,...,ik,j∂
jL¯i00,−1L¯
i1
1,−1 · · · L¯
ik
k,−1 · v
=
∑
i0,...,ik,j∈Z+
ηi0,...,ik,j∂
j(L¯0,−1 − βp)
i0W¯0,0L¯
i1
1,−1 · · · L¯
ik
k,−1 · v
=
∑
i0,...,ik,j∈Z+
ηi0,...,ik,j∂
j(L¯0,−1 − βp)
i0(L¯1,−1W¯0,0 − β(1 + p)W¯1,0)L¯
i1−1
1,−1 · · · L¯
ik
k,−1 · v
· · ·
= γ
∑
i0,...,ik,j∈Z+
ηi0,...,ik,j∂
j(L¯0,−1 − βp)
i0L¯i11,−1 · · · L¯
ik
k,−1 · v.
By the above computation, we see that the action of W¯0,0 on V can be obtained by B(p)-
actions. Then V can be seen as an irreducible B(p)-module. Now the conclusion can be
directly obtained by Lemma 4.1.
Case 4. (α, β) = (p, 0).
By the definition of extended annihilation algebra, we obtain that ∂− 1
p
L¯0,−1 is the central
element of G. By Schur’s Lemma, there exists some b ∈ C such that L¯0,−1v = p(∂ + b)v.
Then it follows from
L¯i,−1v =
1
p
[L¯i,0, L¯0,−1]v, W¯i,−1v = 0
that we know that the action of G0 on v is determined by G1 and ∂. Obviously, VN is G1-
invariant. By the irreducibility of V and Lemma 2.5, we see that V = C[∂] ⊗C VN and VN
is a non-trivial irreducible finite-dimensional G1-module.
If N = 1, we see that V1 is a trivial G1-module by the definition of V1, which creates a
contradiction.
If N ≥ 2, it follows from the definition of VN that it can be viewed as a G1/GN -module.
Note that G1/GN ∼= Q(k,N − 2). By Lemma 3.5, one can see that VN is 1-dimensional.
Then V is free of rank one as a conformal module over B(α, β, p) by Proposition 2.4. This
proves Lemma 4.6.
Now we present the main result of this paper, which shows that the irreducible modules
V defined in Theorem 4.4 exhaust all non-trivial finite irreducible conformal modules over
B(α, β, p). It can be obtained by Theorem 4.4, Proposition 4.5 and Lemma 4.6.
Theorem 4.7. Let V be a non-trivial finite irreducible conformal module over B(α, β, p).
(1) If p 6= −1, and{
(i) (α, β) 6= (p, 0), then V ∼= Va,b with a ∈ C∗, b ∈ C,
(ii) (α, β) = (p, 0), then V ∼= Va,b,d with a ∈ C∗ or d ∈ C∗;
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(2) If p = −1, and
{
(iii) (α, β) 6= (−1, 0), then V ∼= Va,b,c with a ∈ C∗ or c ∈ C∗,
(iv) (α, β) = (−1, 0), then V ∼= Va,b,c,d with a ∈ C∗ or c ∈ C∗ or d ∈ C∗.
5 Realize new Lie conformal superalgebra
In this section, we construct a class of new Lie conformal superalgebras about B(α, β, p).
First we recall the definition of Lie conformal superalgebras.
Definition 5.1. (see [12]) A Lie conformal superalgebra S = S0¯⊕S1¯ is a Z/2Z-graded C[∂]-
module endowed with a λ-bracket [a λ b] which defines a linear map S ⊗ S → S[λ], where λ
is an indeterminate and S[λ] = C[λ]⊗ S, subject to the following axioms:
[∂a λ b] = −λ[a λ b], [a λ ∂b] = (∂ + λ)[a λ b] (conformal sesquilinearity),
[a λ b] = −(−1)
|a||b|[b −λ−∂ a] (skew-symmetry),
[a λ [b µ c]] = [[a λ b] λ+µ c] + (−1)
|a||b|[b µ [a λ c]] (Jacobi identity)
for all a, b, c ∈ S.
Here, B(α, β, p) is regarded as a Z-graded Lie conformal algebra. We introduce a class
of Z-graded free intermediate series modules over B(α, β, p). Given a, b, c ∈ C, let Va,b,c =
⊕i∈ZC[∂]vi and define
Li λ vj =
(
(i+ p)(∂ + b) + (i+ j + a)λ
)
vi+j ,
Wi λ vj = δα,pδβ,0cvi+j for any i, j ∈ Z.
Inspired by this, we consider a Z/2Z-graded C[∂]-module
S(a, b, c, {φi,j, ϕi,j}) = S0¯ ⊕ S1¯
with S0¯ = ⊕i∈ZC[∂]Li
⊕
⊕i∈ZC[∂]Wi,S1¯ = ⊕i∈ZC[∂]Gi and satisfying
[Li λGj] =
(
(i+ p)(∂ + b) + (i+ j + a)λ
)
Gi+j,
[Wi λGj] = δα,pδβ,0cGi+j,
[Gi λGj] = φi,j(∂, λ)Li+j + ϕi,j(∂, λ)Wi+j . (5.1)
where φi,j(∂, λ), ϕi,j(∂, λ) ∈ C[∂, λ] with ϕi,j(∂, λ) 6= 0 for i, j ∈ Z.
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Lemma 5.2. Let p ∈ C∗, β = b = c = 0, α = a = p. Then the Z/2Z-graded C[∂]-module
S(p, 0, 0, {φi,j, ϕi,j}) becomes a Lie conformal superalgebra if and only if φi,j(∂, λ) = 0 and
ϕi,j(∂, λ) = τ for i, j ∈ Z, τ ∈ C∗.
Proof. By Definition 5.1, the sufficiency is clear.
Now we prove the necessity. Assume that S(p, 0, 0, {φi,j, ϕi,j}) is a Lie conformal super-
algebra. For any i, j ∈ Z, using the Jacobi identity for triple (W0, Gi, Gj), it is easy to get
φi,j(∂, µ) = 0. Then (5.1) can be rewritten as [Gi λGj] = ϕi,j(∂, λ)Wi+j for i, j ∈ Z.
For any i, j ∈ Z, using the Jacobi identity for triple (L0, Gi, Gj), we get(
p∂ + (i+ j + p)λ
)
ϕi,j(∂ + λ, µ)
=
(
iλ− pµ
)
ϕi,j(∂, µ+ λ) +
(
jλ+ p(∂ + λ+ µ)
)
ϕi,j(∂, µ). (5.2)
Inserting ∂ = 0 in (5.2), we have
pµ
(
ϕi,j(0, µ+ λ)− ϕi,j(0, µ)
)
λ
= iϕi,j(0, λ+ µ) + (j + p)ϕi,j(0, µ)− (i+ j + p)ϕi,j(λ, µ).
Taking λ → 0, we have µ d
d∂
ϕi,j(0, µ) = 0, which has a solution ϕi,j(0, µ) = τ for τ ∈ C∗.
Then we have ϕi,j(∂, λ) = τ for τ ∈ C∗.
Remark 5.3. Let p ∈ C∗. Up to isomorphism, we may assume that τ = 2 in Lemma 5.2.
We can define a class of Lie conformal superalgebra SB(p) = SB0¯ ⊕ SB1¯ with SB0¯ =
⊕i∈ZC[∂]Li
⊕
⊕i∈ZC[∂]Wi,SB1¯ = ⊕i∈ZC[∂]Gi and the following non-trivial λ-brackets
[Li λ Lj ] =
(
(i+ p)∂ + (i+ j + 2p)λ
)
Li+j,
[Li λWj] =
(
(i+ p)∂ + (i+ j + p)λ
)
Wi+j ,
[Li λGj] =
(
(i+ p)∂ + (i+ j + p)λ
)
Gi+j,
[Gi λGj ] = 2Wi+j.
In the rest of this section, a class of infinite-dimensional Lie superalgebras related to
Block type Lie algebra are presented.
Lemma 5.4. The annihilation superalgebra of SB(p) is given by
A(SB(p)) =
{
Li,m,Wj,n, Gk,l | i, j, k, n, l ∈ Z+, m ∈ Z+ ∪ {−1}
}
with non-vanishing relations:
[Li,m, Lj,n] =
(
(m+ 1)(j + p)− (n+ 1)(i+ p)
)
Li+j,m+n,
[Li,m,Wj,n] =
(
(m+ 1)j − n(i+ p)
)
Wi+j,m+n,
[Li,m, Gj,n] =
(
(m+ 1)j − n(i+ p)
)
Gi+j,m+n,
[Gi,m, Gj,n] = 2Wi+j,m+n,
where p ∈ C∗.
Proof. The proof is similar to Lemma 3.3, so we omit the details.
6 Applications
By the definition of (3.3), one can see that b(n) for n > 0 has a C[∂]-basis {L¯i, W¯i | 0 ≤ i ≤ n}
with the following non-vanishing λ-brackets:
[L¯i λ L¯j ] =
(
(i− n)∂ + (i+ j − 2n)λ
)
L¯i+j,
[L¯i λ W¯j ] =
(
(i− n)(∂ + β) + (i+ j + α)λ
)
W¯i+j
for any α, β ∈ C (i + j > n the above relations are trivial). The following C[∂]-modules
V¯a,b, V¯a,b,d are conformal modules over b(n).
(1) V¯a,b = C[∂]v with relations W¯i λ v = 0, 0 ≤ i ≤ n and
L¯i λ v =
{
−n(∂ + aλ+ b)v, if i = 0;
0, if 1 ≤ i ≤ n
for a, b ∈ C, if (α, β) 6= (−n, 0);
(2) V¯a,b,d = C[∂]v with relations
L¯i λ v =
{
−n(∂ + aλ+ b)v, if i = 0;
0, if 1 ≤ i ≤ n;
W¯i λ v =
{
dv, if i = 0;
0, if 1 ≤ i ≤ n
for a, b, d ∈ C, if (α, β) = (−n, 0).
The following C[∂]-modules V¯a,b,c, V¯a,b,c,d are conformal modules over b(1).
(3) V¯a,b,c = C[∂]v with relations W¯i λ v = 0, i = 0, 1 and
L¯i λ v =
{
−(∂ + aλ+ b)v, if i = 0;
cv, if i = 1
for a, b, c ∈ C, if (α, β) 6= (−1, 0);
(4) V¯a,b,c,d = C[∂]v with relations
L¯i λ v =
{
−(∂ + aλ+ b)v, if i = 0;
cv, if i = 1;
W¯i λ v =
{
dv, if i = 0;
0, if i = 1
for a, b, c, d ∈ C, if (α, β) = (−1, 0).
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By Theorem 4.4, we have the following corollary.
Corollary 6.1. Let V¯ be a non-trivial free conformal module of rank one over b(n).
(1) If n > 1, and
{
(i) (α, β) 6= (−n, 0), then V¯ ∼= V¯a,b with a, b ∈ C,
(ii) (α, β) = (−n, 0), then V¯ ∼= V¯a,b,d with a, b, d ∈ C;
(2) If n = 1, and
{
(iii) (α, β) 6= (−1, 0), then V¯ ∼= V¯a,b,c with a, b, c ∈ C,
(iv) (α, β) = (−1, 0), then V¯ ∼= V¯a,b,c,d with a, b, c, d ∈ C.
Furthermore, for the above modules we have the same irreducibility assertions as those for
B(α, β,−n)-modules in Proposition 4.5. The irreducible modules in Corollary 6.1 exhaust
all non-trivial finite irreducible conformal modules over b(n).
Corollary 6.2. Let V¯ be a finite non-trivial irreducible conformal module over b(n).
(1) If n > 1, and
{
(i) (α, β) 6= (−n, 0), then V¯ ∼= V¯a,b with a ∈ C∗, b ∈ C,
(ii) (α, β) = (−n, 0), then V¯ ∼= V¯a,b,d with a ∈ C∗ or d ∈ C∗;
(2) If n = 1, and
{
(iii) (α, β) 6= (−1, 0), then V¯ ∼= V¯a,b,c with a ∈ C∗ or c ∈ C∗,
(iv) (α, β) = (−1, 0), then V¯ ∼= V¯a,b,c,d with a ∈ C∗ or c ∈ C∗ or d ∈ C∗.
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